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Abstract 

Bosonization approach to the classical supersymmetric systems is presented. By introducing the multi- 
fermionic parameters in the expansions of the superfields, the N - I supersymmetric KdV (sKdV) equa- 
tions are transformed to a system of coupled bosonic equations. The method can be applied to any fermionic 
systems. By solving the coupled bosonic equations, some novel types of exact solutions can be explicitly 
obtained. Especially, the richness of the localized excitations of the supersymmetric integrable system are 
discovered. The rich multi-soliton solutions obtained here have not yet been obtained by using other meth- 
ods. Unfortunately, the traditional known multi-soliton solutions can also not be obtained by the bosoniza- 
tion approach of this paper. Some open problems on the bosonization of the supersymmetric integrable 
models are proposed in the both classical and quantum levels. 



A. Introduction 



It is known that the supersymmetric integrable systems are very important in many physical 
fields especially in quantum field theory and cosmology such as superstring theory where it appears 
as a basic part of the string worldsheet physics or the theory of two-dimensional solvable lattice 
models, e.g., tricritical Ising models [I, Though the supersymmetric integrable systems have 
been studied by many authors in the both quantum and classical levels, various important problems 
are still open. For instance, in the usual quantum field theory, the bosonization approach is one 
of the powerful methods which simplifies the procedure to treat complex fermionic fields ||3|]. 
However, in our knowledge, there is no method to find a proper bosonization procedure for both 
quantum and classical supersymmetric integrable models. To treat the integrable systems with 
fermions such as the super integrable systems [4], supersymmetric integrable systems [|50 and 
pure integrable fermionic systems ^4] is much more complicated than to study the integrable pure 
bosonic systems. Therefore, it is significant if one can establish a proper bosonization procedure 
to treat the supersymmetric systems even if in the classical level. 

In this paper, taking the N = I classical supersymmetric KdV (sKdV) system as a simple 
example we propose a simple bosonization approach to find exact solutions of supersymmetric 
systems. Actually, the method has been used by Andrea et al [TD to obtain new integrable bosonic 
systems. Here, we apply the method to find new exact solutions of supersymmetric integrable 
systems. One essential advantage of the method is that it can effectively avoid difficulties caused 
by intractable fermionic fields which are anticommuting. The N = I supersymmetric versions 



lOO, which are 



of the Korteweg-de Vries equation have been found more than 20 years ago [18- 
the beginning of the field of supersymmetric integrable systems. The far-reaching significance 
lies not only in mathematics, but also in the applications in various areas of modem theoretical 
physics. Therefore, investigating their properties and searching for their exact solutions are of 
great importance and interest. 

For the integrable sKdV system in the sense of possessing a Lax pair, many remarkable prop- 
erties have been discovered, such as the Painleve property 



n 



the bi-Hamiltonian structures 

il2Lll3|] . the Darboux transformation lll4l]. the bilinear forms [|15l[i6| . the Backlund transforma- 
tion (BT) 118], the Lax representation 1 19] and the nonlocal conservation law s JlO ]. Some types 
of multisoliton solutions are also known for the integrable sKdV system [[15 



1911 . However, be- 



cause anticommutative fermionic fields bring some difficulties in dealing with supersymmetric 



equations, to get exact solutions of the supersymmetric systems is, especially, much more difficult 
than the usual pure bosonic systems. 

The N = I supersymmetric version of the KdV equation, 

Ut + 6uUx + Uxxx = 0, (1) 

is established by extending the classical spacetime {x, t) to a super-spacetime {6, x, t), where is a 
Grassmann variable, and the field m to a fermionic superfield 

0(6*, X, t) = ^(x, t) + eu{x, t), (2) 

which leads to a nontrivial result |^ 

% + 3(D0,)0 + 3(DO)(I), + O,,, = 0, (3) 

where D = de + 6dx is the covariant derivative. The component version of Eq. ([3]) reads 

Ut + Uxxx - ^^xx + 6mm.v = 0, (4a) 

+ ^xxx + ^Ux^ + ^U^x = 0, (4b) 

where u and ^ are bosonic and fermionic component fields, respectively. Vanishing ^ in Eq. dU, 
only the usual classical KdV equation remains. 

Previous studies of the sKdV system were all directly based on Eq. © or dH). In this paper, 
we are only concentrated on bosonization of the sKdV equations by expanding the supperfields 
with respect to the multi-fermionic parameters. In the next section, we present the bosonization 
approach of the sKdV system, in which the superfields are expanded about two fermionic param- 
eters. And then the general traveling (in the usual space-time) periodic wave solutions, including 
the solitary waves as special cases, of the model are found, some special types of nontraveling 
(in the usual space-time) wave solutions (including all possible exact solutions of the usual KdV 
equation) are also obtained. In sections [C] and [Dl we extend the bosonization approach of the 
sKdV system to the case of three fermionic parameters and n fermionic parameters respectively. 
The last section is a short summary and discussion. 

B. Two-fermionic-parameter bosonization 



Firstly, we expand the component fields ^ and u in the form of 



(5a) 



u(x, t) = uo + ui^i^2, (5b) 

where and ^2 are two Grassmann parameters, while the coefficients p = p(x, t), q = q{x, t), 
Uq = Uo(x, t) and u\ = Ui{x, t) are four usual real or complex functions with respect to the 
spacetime variables x and t, then the sKdV system (I4al)-(l4bl) is changed to 

Uot + "Oa:a:a: + 6Mo"0;c = 0. (6a) 

Pt + Pxxx + Swo/'jt + ^uqxP = 0> (6b) 
qt + qxxx + ^uoq^ + ?>UQ^q = 0, (6c) 

Wlf + l^lxxx + 6uoUu + 6moxWi = Xpqxx - qPxx) (6d) 

that is just the bosonic-looking of the sKdV system dH) in two fermionic parameter case. Eq. (l6al) 
is exactly the usual KdV equation which has been widely studied. Eqs. (|6bl) and (l6cl) are linear 
homogeneous in p and q respectively, and Eq. (l6dl) is linear nonhomogeneous in mi. Thereby, in 
principle, these equations can be easily solved. This is just one of the advantages of the bosoniza- 
tion approach. 

Now let us consider the traveling wave solutions of the bosonic-looking equations Intro- 
ducing the traveling wave variable X = kx+oot+CQ with constants k, oj and Cq, the system (|6al) -(l6dl) 
are transformed to the ordinary differential equations (ODEs) 

k^mxxx + (6fcMo + <^)uox = 0. (^a) 

k^Pxxx + OkuQ + a))px + 3kuoxP = 0, (7b) 
k^qxxx + Okuo + co)qx + 3kuQxq = 0, (7c) 
k^uixxx + (6^M() + co)uix + 6kuQxU\ = 3k^(pqxx - qPxx)- (7d) 

Remark. The traveling waves in the superspace, 0(jc, t, 6) = O(^.x;-i-(y?-i-co-i-^0), with Grassmann 
constant ^ are different from those of in the usual space-time {x, t). Hereafter, the traveling waves 
we discuss are only in the usual space-time {x, t} but not in the superspace {x, t, 6}. 

Obviously, Eq. (TTal) is the traveling wave reduction of the KdV equation, and its periodic wave 
solutions including solitary wave solutions are well known. To solve the ODE system (TTah-dTdl). 
we try to build the mapping and deformation relation between the traveling wave solutions of the 
classical KdV equation and the sKdV equation, and then to construct the exact solutions of the 
sKdV equation by using the known solutions of the KdV equation. 



We first solve out uqx from Eq. (TTal) . The result reads 

uox = -j^ sj-kilkul + coul + IciUq - C2k^), (8) 

where ci and C2 are two integral constants and ao = +1. The only linear inhomogeneous ODE (fTdl) 
can be directly integrated once, and becomes 

k\ixx + (6kuo + uj)ui = fiX), (9) 

where the inhomogeneous term is 

fiX) = 3k\pqx - qpx) - bo (10) 

with an integral constant bo- 

To get the mapping relations of p, q and wi , we introduce the variable transformations as follows 

p{X) = P{uo{X)), q(X) = Q(uo(X)), u,iX) = UMX)). (11) 

Using the transformation ([TT]) and eliminating uqx via Eq. ([8]), the linear ODEs (T/bll-dTcl) as well 
as do]) are changed to 



3 2 ^ 2 dP 
(2/cMq + ojMq + IciUq - Cik ) — - + 3(3ku^^ + ojuq + ci) — - + 3kuo— 3kP = 0, (12a) 

du^ cIuq duQ 



(Iku^ + ojUq + IciUq - C2k ) — - + 3(3kuQ + ojuq + ci) — - + 3kuQ- 3kQ = 0, (12b) 

duQ duQ duo 



3 d^Ui 2 dUi 

(Ikun. + ojUr. + 2c\U() - C2k ) — + {3kun + ojuq + ci)— (6kuo + co)U\ = F{uo), (12c) 

dUn duo 

where 



( dP dQ\ I ' ; ~ 

F(uo) = 3ao Q— P- — I J-k(2kuQ + oju^ + 2c\Uq - C2P) + b^. (13) 

y diiQ diiQ I ^ 

On this basis, the mapping and deformation relations are constructed as 

P(uo) = AiUq + A2 ^jkul + ci sin {R{uq) + A3], (14a) 
Q{uq) = A4M0 + A5 ^kul + ci sin {R{uq) + Ag], (14b) 

where Ai, A2, A3, A4, A5 and Ag are arbitrary constants, and 

E,/ N r V-ci(c2^ + ciaj) 

R{uq) = I iZMO- 

^ (^Mq + cy) J2kul + COU^ + 2CiUq - C2k^ 



Following the relation (fT4l) . the solution for Ui can be obtained from Eq. (I12cl) as 

I r A-] + J F(uo)duo 

Ui{uq) = ^j2kul + coul + IciUq - C2k^ Ag + —— — ——duc 



(15) 



where A? and Ag are two integral constants. Thus, we have obtained the general two-fermionic- 
parameter traveling wave solutions of the sKdV system 

I r Aj + J F{uo)duQ 

u = Mo + a/2^"o + '^"o + 2ciMo - C2k^ M + -r—. 5 — T^^Uq , (16a) 

^ [J (2ku^^ + a)uf^ + 2ciUQ- C2k^y'^ 

^ = ^1 |AiMo + A2 -y^^Mo + ci sin [i?(Mo) + Asjj + ^2 |a4Mo + A5 ^kul + ci sin [R(uo) + Aglj , 

(16b) 

with the known solution mq of the usual KdV equation. 

For a special case, A2 = A5 = Aj = bo = 0, the above traveling wave solution becomes 

P = aiuo, (ai = Ai) (17a) 

Q = a2Uo, (a2 = A4) (17b) 

and 

C/i = Ag '\J2kul + ojul + 2c\Uq- C2k^ = ajUox^ = — V-P j , (18) 

where the second equal sign of the above equation is dues to the relation ([8]). It is interesting that 
the expression Ui (fTSl) is an ordinary type of the symmetries of the traveling wave equation (fTal) . 

In fact, for any given Uo{x, t) being a solution of the usual KdV equation, a certain type of 
solutions of the bosonic -looking equation Q can be constructed as follows 

p = UiUq, (19a) 
q = a2Mo, (19b) 
Ml = a-(Mo), (19c) 



where criuo) represents any symmetry of the usual KdV equation (I6al) . 

Under the circumstances of describing p and q as the form of (|19al) - (|19bl) . uq can be chosen as 
any solution of the KdV equation. Then the first three equations of the bosonic-looking equations 
Q are satisfied automatically. Obviously, the righthand side of the nonhomogeneous equation (l6d)) 
equals zero because of Eqs. (|19a|) and (|19bl ). In such situations, Ui from Eq. (l6dl) exactly satisfies 



the symmetry equation of the usual KdV system (I6al) . This means that we have much freedom to 
choose uq so as to construct solutions of the sKdV equations. Furthermore, it is not limited to the 
traveling wave solutions of uq. It is worth mentioning that the KdV equation possesses infinitely 
many symmetries, and thus infinitely many ui can be generated. All in all, we can construct not 
only traveling wave solutions but also many other new types of solutions of the sKdV system by 
using the solutions and infinitely many symmetries of the KdV equation. 

It is known that the solution ([8]) can be expressed by means of the Jacobi elliptic functions, say, 

k^(2m^ - 1) + a* k^rn^ Ikx + cot + Cq \ 
uq = — + — — cn ,m , (20) 



6k 

where the constants ci and C2 are related to the other constants through 

a? k' 



and 



37 74 

C2 = + -m^ + m^) - —(2 - - 3m^ + Im^). 

\Q%k^ 36 108 



Therefore, we obtain a special type of exact solutions of the sKdV system 

k^{2m^-\) + (x) k^rn^ I kx + cot + Cq 

u = 1 cn ,m 

6k 2 \ 2 

+^1^2 [CiJ + C2[l + 3k^m^tJ] + C3[2ioj - k\m^ + 1)) + 6k^m^S^ 
+3kW(3cot + kx)J] + C4[lSkWs'^ - \2k^m^(2co + k\\ + m^))S^ 
-2(m^ - 2){2m^ - \)k^ + Scok\m^ + \) - Aco^ + k\3kW(k\m^ + 1) - 4co)x 
-3km^{2k\l - + m^) + tok\2m^ - 1) + Sio^)t - 9k^m^ J S^dx)J] 
+C5[6k^m^S^ - 6mk^S^ + (1 - m^)mk^ + 3mk^{{E + - \)(kx + cot) + 2Z)J]] , (21a) 



k^(2m^ - I) + CO k^ni^ 2 / ^-"^ + + "^o 



6k 



H — - — cn^ I -,m 



(21b) 



where C,- (/ = 1, ...,5), k, co, a\, 02, co, m are usual arbitrary constants, ^1 and ^2 are arbitrary 
Grassmann odd constants, Z = z[^{kx + cot + co), is the Jacobi zeta function, E = is the 
ratio of the complete elliptic integral of the second kind to the first kind, and 

I kx + cot + cq \ I kx + cot + cq \ I kx + cot + cq \ 
S=sn\ ,ml, 7 = cnl ,mldnl ,m\S. 

It is worth to mention that the solution (|21al) is neither a traveling nor a periodic wave solution for 
C2C3C4 ^ 0. 



It is noted that for the solution (|2T]) . the soliton limit, m = 1, o) = -k^, exists for C2 = C5 = 0. 



The result reads (77 = ^(x - k^t - xo), T = tanh(?7)) 



u = ^1^2 I ^('^2 + 2n^)x - k^(3n2 + Any)t + + In 

+ysech^ (?7), 
^ = (ai^i + a26)sech^ (77) , 



1 - r 
1 + T 



T - Irij - 2^3 1 sech^ (77) 



(22a) 
(22b) 



with the usually arbitrary constants {k, ai, a2, Xq, rii, n2, m], and arbitrary Grassmann odd 
constants {^1, ^2}- 

The solution ^ with (fT9l ) extends every solution of the KdV equation to many special types of 
solutions for the sKdV system, due to the existence of the infinitely many symmetries of the KdV 
equation. For instance, the N-soliton solution of the KdV equation reads 



UKdv = 2\\n 



z n^'"""^^p Z'^o 



(23) 



k=l i\>i2>—>ik ni>n vy=l / 

with arbitrary constants {fc,, 770,, / = 1, 2, N) and 

Correspondingly, a special type of multiple soliton solutions of the sKdV dH) can be simply written 
as 

N 



^( d d \ 



U — UkcIV 

^ = (ai^i + a2^2)uKdv 
with further arbitrary constants 5, and for z = 1, 2, A'^. 

C. Three-fermionic-parameter bosonization 



(24a) 
(24b) 



In the case of three Grassmann parameters ^1, ^2 and ^3, the component fields ^ and u are 
expanded as 

^(x, t) = pi^i + p2^2 + P3^3 + Pdi^2^3, (25a) 



Uix, t) = UQ + Ml ^2^3 + "2^3^! + "3^1 6. 



(25b) 



where the coefficients pi = pi(x, t) (z = 1, 2, 3, 4) and Uj = Uj(x, t) (j = 0, 1, 2, 3) are eight real or 
complex bosonic functions of the indicated variables. Then the sKdV system (I4al)-(l4bl) is changed 
to 

"Of + uoxxx + 6uoUo^ = 0, (26a) 
Pit + Pixxx + 'iuoPix + 3moxPi = 0. (26b) 

Pit + Plxxx + 3Mo;?2x + ^UqxPi = 0, (26c) 
P^t + P?>xxx + 3M0J??3:i + 3MoxJC3 = 0, (26d) 

uu + uu^^ + 6uqUu + 6moxMi = XPiP^xx - PsPixx)^ (26e) 

U2t + U2xxx + 6moM2x + 6m0xM2 = 3(p3Pl;t;f " PlP^xx)^ (26f) 
W3r + "3;^;.;. + ^UqU^x + ^Uq^U^ = XPlPlxx ' PlPlxx)^ (26g) 

Pa, + PAxxx + 3moP4x + 3moxP4 = -3(miPi + M2P2 + mp^)^. (26h) 

Just similar to the previous case, the system (I26al) - (l26hl) also has no fermionic quantities. Besides, 
Eq. (I26al) is exactly the KdV equation. The rest seven equations are linear in p, (z = 1,2,3,4), 
and ui {I = 1,2, 3), respectively. It is observed that the number of the inhomogeneous equations 
increases, so that this bosonic-looking of the sKdV system is somewhat complex. 

Introducing the traveling wave variable X = kx + cot + Cq, where k, co and cq are arbitrary 
constants, the bosonization system (l26l) becomes 

k^iioxxx + i^kuo + co)uox = 0, (27a) 

Plxxx + Okuo + co)pix + 3kuQxPi = 0, (27b) 

Plxxx + (3^"o + oj)p2x + ^kuQxPi = 0, (27c) 

k^P^xxx + (3^"o + oS)Pi,x + 3kuQxP3 = 0, (27d) 

k^uixxx + (6fc"o + (^)uix + 6kuoxUi = 3k^(p2P3xx - P^Pixx)^ (2Ve) 

k^U2xxx + (6fcMo + oj)uix + (ykuQxUi = 3k'^{psPixx - P\P?,xx)^ (2Vf) 

k^mxxx + (6^wo + (o)mx + 6kuoxU3 = 3k^(pip2xx - PiPixx)^ (2Vg) 

k^P4xxx + (3^Wo + ^i^)jC4A: + 3kuoxP4 = -3k(uipi + U2P2 + M3JC3)x- (27h) 

It is quite obvious that Eq. (|27al) is the same as (TTal) . while Eqs. (I27bl) - (l27dl) have an analogy with 
(iTbt-dTcl) and (l27eD -( |27gP with dTd]). Coefficients of the left-hand side of the last equation (I27hl) 



is consistent with Eqs. (|27bl) - (l27dl) . but its right-hand side is related to pi and uj {I = 1,2, 3), not 
always zero. 

To solve the ODE system (I27al) - (l27hl) . following the approach adopted in the previous section, 
we first solve pi and m/. Integrating the inhomogeneous ODEs (I27el) - (l27hl) once, we have 

Puixx + i6kuo + co)ui = MX), (28a) 

k^P^xx + OkuQ + io)pA = f4(X), (28b) 

where 

fi(X) = 3k^(p2P3x- P3P2x)-bi, 
f2(X) = Sk^ipspix- PiP3x)-b2, 
fjiX) = 3k'^(pip2x- P2Pix)-b3, 

f^{X) = -3k(uipi + U2P2 + U3P3) - Z74, (29) 

with constants bi, Z?2, ^3 and b4. 

Considering the variable transformations 

u,{X) = UiiuoiX)), (/= 1,2,3), 

PiiX) = PiiuoiX)), (/= 1,2,3,4) (30) 
and using ([8]) to eliminate uox, we can transform the linear ODEs (I27bl) - (l27dl) and (|28l) to 



d^Pi 2 .d^Pi dPi 

^0 ""0 "-^o 



(2kuQ + ojUq + IciUq - C2k ) — - + 3(3kuQ + ojuq + ci) — — + 3kuo- 3kPi = 0, (31a) 

dul dui duQ 



■XI 1. d^ Uf T dJJi 
{2kui + ojUq + IciUq - C2k ) — — + {3kuQ + ojuq + c\)— {6kuo + (jS)Ui = Fi{uq), (31b) 



(2fcMQ + cuMq + 2ciMo - C2fc ) — ^ + {3kuQ + wmq + Ci)— (3fcMo + ^^^)-P4 = -^4(^0). (31c) 



^0 



where 



Fi(mo) 


= 3floj 




F2(Mo) 


= 3ao| 




F3(Mo) 


= 3ao| 






= 3/t(t/i/' 



(32) 



By repeating the processes in the last section, the general three-fermionic -parameter traveling 
wave solutions for the sKdV system can be derived 

^ ^ gi + f F,(uo)duo 



, r gi + 

u = uo + uox >//^/+i hi+ —— j 

3 

^ = ^ ^/ \riUQ + si ^kul + ci sin {R{uq) + Qf/]| 
i=\ 

+^1^26 |^4Mo + ^4 ^Jku[+^l sin [i?(Mo) + ^4] 



/— p sin[7?(i/o)-i?(j)]F4(j)V^/T7; ) 

+ Jku^Q + ci = dy] 

^ J ^jcl(c2k'^ + CiCo){c2k^ - 2ky^ - coy^ - Ic^y) I 



(33) 



where {gi, hi, ri, r^, si, S4., ai, a^} are arbitrary constants and ^4 = ^1. 

Similar to the two fermionic parameter case, for nontraveling wave solutions of Eq. (|26|) . we 
just write down a special case with 

pi = diuo, (I = 1, 2, 3, 4), (34a) 

Ml = cri(Mo), (34b) 

U2 = 0-2(^0), (34c) 

M3 = -d^\diUi + d2U2), (34d) 

where di, d2, d^, d^ are constants, Uq is an arbitrary solution of the usual KdV equation, cri(Mo) 
and cr2{uo) are arbitrary symmetries of the usual KdV equation. Finally, the sKdV system dH) 
possesses the following special solution 

u = Uo + cri(Mo)6^3 + o-2(uo)^3^i - dj^[di(Ti(uo) + d2(T2iuo)]^i^2, (35a) 
^ = (di^i + J26 + d3^3 + c?4^i^26)mo (35b) 

with an arbitrary solution uq, two arbitrary symmetries cri(Mo) and (T2(mo) of the usual KdV 
equation, three Grassmann numbers ^, (z = 1, 2, 3) and four arbitrary usual real constants 
di (l = 1, 2, 3, 4). When one of the ^, tends to zero, the solution (l35l) turns back to that of 
the last section for two fermionic parameters. 

Actually, applying the similar procedure for any numbers of the fermionic parameters, one can 
obtain various exact solutions such as the general traveling wave solution and the special solutions 
like Eq. ([35]). 



D. N-fermionic-parameter bosonization 



For the supersymmetric system introduced N >2 fermionic parameters = 1 , 2, • • • , A'^), the 
component fields u and ^ can be expanded as 



n=l l<;i<--<!2„<A' 



(36a) 



[^] 

^(x, = Yj ^hi2-i2n-i^h^h ■ ■ ■ (36b) 

k=l \<ii<--<i2„-\<N 

where the coefficients mq = mo(x, 0. i^hii-iin = u^i^...i^X^,t) (1 < z'l < Z2 < • • • < Z2n < A?^) and 



v,|i2 -r2„-i(-^5 (1 < z'l < Z2 < • • • < '2«-i ^ N) are 2^^ real or complex bosonic functions 
of classical spacetime variable x and t. Substituting Eq. (|36l) into the sKdV model dH), we obtain 
the following bosonic system of 2^ equations 



MOf + MQxxx + 6MoMO;c - 0> 



(37a) 



LeUiii2-i2„ 



where 



for n = I 

-3 Z(-W^^''^'''"'^"-'\ui. r Vi. i. ], for n = 2, 3, ■ • ■ , [^] '^^'^^^ 

/ L 'j2l+l'j2l+2 'Jln-l''-^ ' ' 'L 9 J 



3 2:(-l)-(i'.i^)[v,^ (v,^ ),] 
W2 

3Z(-ir^^'''^''''"'^'"'^ 

W2 

-3 2(-1)^(^'''^'2'-'^'2'-)[m 
W3 



for n = 1 



'jl'J2 'J2l-{ JllJ2m+l ']2n 



i—i U:. ; Iv for n = 2, 3, • • • , [^1, 

JIJ2 J2I 121+1 J2I+2 J2n 



'^Ui^ji, • • • > j'/v) - 



Ji, j2, ■ • ■ , is even permutation 

1 7i5 72> • • • ; 7w is odd permutation 



(37c) 



Wi = {U1J2, ■ ■ ■ j2«-i)|l < ji < ji <■■■< jii <2n- 1,1 < j2;+i < J2/+2 < • • • < jm-i <2n-\, 

I <l<n-\,jhii' jh2ihi + h2)}, 
W2 = {{jiJi, ■ ■ ■ 72«)|1 < 71 < J2 < • ■ • < J2/-1 <2n,l < j2/ < J2/+1 < • • ■ < jin < 2n, 

1 < / < n, ^ jh2{h\ + /Z2)}, 
= {(Ji, J2, • • • J2n)|l < Ji < J2 < • • • < 72/ < 2n, 1 < ;2/+i < 72;+2 < • • • < hn < 2n, 

1 < Z < n - 1, jf^^(hi 4^ hj)}, 



and two operators read 

Loiuo) = dt + dxxx + ^uodx + 3Mo;f 

Similarly to the section, the general traveling wave solution of the sKdV equation ([3]) with N 
fermionic parameters can be written as 

[^] [^] 



n=\ \<ii<—<h„-i<N 



n=l l<ii<--<i2„<N 



where 



"1112-12,1-1 



^ili2-'2„-l("0) 

'^hi2-h„-i^o + Si,i2-i2„-i yjkul + Ci sin[i?(Mo) + ai^i^...i^^_^\ 



H\l2-l2n 



[— p sm[Riuo) - R(y)]Ei,i2-i2„-Sy) + ci 

^ J ^Ici{c2k^ + ciio){c2k'^ - 2ky^ - coy^ - 2ciy) 

f^i|i2-(2„(Wo) 



dy. 



(39a) 



with 



Shh-hn + j Fhi2-i2S'^o)dUo 



duc 



(39b) 



£';ir2-i2„-i("o) 



Fiti2-i2Mo) 







ifn = 1 



-3^2„^^ Z(-1)'^^''^'^^V,- , (V,-,,)„o + h 
W2 

3kY.i-\y^j''^^'-'^^"Wi. i. Ui. i. .... 

,4r'^ ^ 'Jl'j2 'J2l V2/+IV2/+2 '^2n 

Its 

-3k^uoxj:(-^y'^'''''''"'''"^v, 



ifn = 1 



^2 



^^'jji'hi^i -'h,, -'"0 + ^hh-hn if R — 2, 3, ■ 



-11 './2 V2;-I ^ V2/'./2/+l 'I2n 



N 
2 



(40) 



and 



i?(wo) 



a/-Ci(C2^ + CiO)) 



diiQ, 



(kuQ + ci) -^2kuQ + cou^ + 2ciMo - C2fc^ 
where mq represents the solution of KdV equation (l37aL r;i;2...,-2„_i, *;i,-2- ■■i2„-i, oci^i^...i^,^_„ h^i^..^,^, 
Shi2-i2n' t>ni2-i2„-i, t>iih-i2n arbitrary constants. 



E. Conclusions 



In summary, a simple bosonization approach to deal with suppersymmetric system is devel- 
oped. With n fermionic parameters, the bosonization procedure of the supersymmetric systems 
has been successfully applied to the sKdV equation in detail. Such an integrable nonlinear system 
is simplified to the usual KdV equation together with several linear differential equations without 
fermionic variables. The traveling wave solutions of the bosonization systems can be obtained 
simply by integrations, say, (fT6l) and (1331) for the two and three fermionic parameter cases, respec- 
tively. 

Some special types of exact supersymmetric extensions of any solutions of the usual KdV 
equation can be obtained straightforwardly through the exact solutions of the KdV equation and 
the related symmetries (for instance, (|2T]) and (|35l) ). The general extensions of the KdV solu- 
tions to those of supersymmetric form are obtained by solving some linear systems with variable 
coefficients depending on the usual exact KdV solutions. 

From the procedure exhibited in this paper, we can conclude that the bosonization approach 
can be applicable to not only the supersymmetric integrable systems but also all the models with 
fermion fields no matter they are integrable or not. 

It should be emphasized that the solutions obtained via the bosonization procedure are com- 
pletely different from those obtained via other methods such as the bilinear approach bill . Es- 
pecially, the traditional multisoliton solutions of the sKdV are different from ours, say, Eq. (|24b . 
This fact shows us that for the sKdV equation there exist various kinds of localized excitations. In 
other words, in additional to the single supersymmetric traveling wave soliton solution (in the su- 
per space-time {x, t, 9}) known in literature [|2l|l . there are infinitely many single traveling soliton 
extensions in the usual space-time {x, t}. 

The abundant property of the soliton excitations of the classical sKdV reveals some open prob- 
lems in the both classical and quantum theories. In the classical level, one of the most important 
problems may be how to further develop the bosonization procedure such that the known solu- 
tions obtained in other approaches can also be included in. In other words. How to developed 
a bosonization procedure such that the bosonized system is completely equivalent to the classic 
supersymmetric one. In the quantum level, three of the important topics should be mentioned 
to investigated: How to reflect the richness of the localized excitations in the usual quantization 
procedure of the supersymmetry models[2]? Can we find a quantized bosonization approach for 



supersymmetric integrable systems? What is about the quantization versions of the bosonized 
systems of this paper? 
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